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�‡ Introduction

�‡The need of model reduction

�‡Testcase description

�‡ Reduced Order Modelling

�‡ Galerkin projection

�‡ Possible mode bases

�‡ Continuous mode interpolation

�‡ ROMs of transition from steady solution to LCO

�‡ Mode interpolation for changing Re

�‡ ROMs of the flow with changing BC

�‡ Summary

Outline
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Flow modelFlow control

Passive

Active

Feedback

Reduced-Order 
Galerkin ModelHigh-dimensional model 

( �'�1�6�����/�(�6�����'�(�6�����5�$�1�6�����«)

Coherent structures
NDE= Re9/4

Kolmogorov
K41 hypothesis:

�‡Drag reduction
�‡Growth of lift force
�‡Flutter reduction
�‡Noise reduction
�‡etc.

The need of model reduction
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Testcase description

2-Dimensional flow
�D� �������Û��(steady flow -> LCO) 
�D� �������Û��- �!�������Û

Applications:

�‡Test case
�‡rotor blades

NACA-0012 AIRFOIL

steady flow

time-avg. flow
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Testcase description

Angle of attack:

�‡�D� �������Û��for t<500s
�‡�D� �������Û��for t>510s

NACA- 0012 
AIRFOIL AC

AC

Method of change:

rotation of the domain
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Reduced Order Modelling
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1. GALERKIN APRROXI MATION

2. GALERKIN PROJECTION

3. GALERKIN SYSTEM

�� �� 0, ][ � �:
P

i VV

GALERKIN 
METHOD

Navier-Stokes Equations

+ �«����see:

B.R. Noack, P. Papas, P.A. Monkewitz
The need for a pressure-term representa-
tion in empirical Galerkin models of in -
compressible shear flow. J. Fluid Mech.
523 , pages 339 -365, 2005

B.R. Noack, M. Schlegel, B. Ahlborn,
G. Mutschke, M. Morzynski, P. Comte,
G. Tadmor
A finite-time thermodynamics formalism
for unsteady flows, J. Non -Equilib.
Thermodyn. 33 (2) , pp . 103 -148 , 2008

http://vento.pi.tu-berlin.de/ts/noackbr/output.php
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Possible mode bases

MATHEMATICAL
- Carrier Field Ansatz
- Generalized

streamfunctions
- Wavelets

EMPIRICAL
- Proper Orthogonal

Decomposition
(Karhunen�±Loeve)

PHYSICAL
- Stokes modes,
- Singular Stokes

modes,
-Global stability

analysis modes
-Ajoint modes

Low-
dimensional

Galerkin 
models

Continuity equation

Dimension: AVERAGE
Continuity equation

Navier-Stokes equations

Dimension: AVERAGE-LOW

Continuity equation
Navier-Stokes equations

Unsteady flow data

Dimension: LOW

B.R. Noack, K. Afanasiev, M.
Morzynski, G. Tadmor, F. Thiele
A hierarchy of low-dimensional
models of the transient and post-
transient cylinder wake. J. Fluid
Mech. 497 , pp . 335 -363 , 2003
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Proper Othogonal Decomposition
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Velocity fields from M time steps, each N degrees of 
freedom

Minimalisation of 
mean-square error of 
process representation

Correlation matrix
Eigenvectors

Eigenvalues
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POD mode bas es for NACA- 0012 

First pair - 94.1% of TKE

First 6 modes �± 99.8%

�D� �������Û

First pair - 96.2% of TKE

�D= 45�Û

First 6 modes �± 99.8%
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Global Stability Analysis
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Navier-Stokes Equation

Snapshot = base flow + small disturbance

Disturbance equation

Generalised eigenvalue problem

Ax - �OBx = 0

Discretisation (e.g. FEM)

0
~~~~~

Re
1

,, =VPVVVVV jji,ijji,jjii ���������� �O

Base flow = STEADY SOLUTION 

Base flow = MEAN FLOW 
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ROM for transitional flow
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Empirical (POD ) GM:
�‡structurally unstable for 
2 POD modes
�‡Shift-mode required
�‡Poor transients 
reconstruction (narrow 
dynamic range)
�‡Good LCO reconstruction

Physical GM:
�‡Poor reconstruction of 
LCO
�‡Accurrate for fixed-point 
dynamics
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Solutions for varying flow conditions

Expand mode basis 
(More DOFs in ROM!)

Interpolate subspaces 
spanned by modes 
(Continuous Mode 

Interpolation)

Interpolate
modes
(beat 

phenomenon!)

Varying flow 
conditions

- Reynolds Number
- Steady / Periodic
- Moving Boundary
- �«

Example : linear combination of sin(x) 
and sin(1.2x) is not sin(1.1x)
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steady solution

mean solution

shift-mode

Attractor

Fixed point

OPERATING CONDITIONS  II

�N=0.50

�N=0.75

�N=0.25

POD 
modes

Eigen-
modes

M. �0�R�U�]�\���V�N�L, W. Stankiewicz, B.R. Noack, F. 
Thiele, R. King, G. Tadmor
Generalized Mean-Field Model for Flow Control 
Using a Continous Mode Interpolation. 3rd AIAA 
Flow Control Conference. AIAA Paper 2006- 3488

OPERATING CONDITIONS  I

Continuous Mode Interpolation

Transition from steady solution 
to limit cycle oscillations
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ROM for transitional flow

TKE of disturbance around
time averaged flow 
in function of time

W.Stankiewicz , �0���0�R�U�]�\���V�N�L,
B.R. Noack, G. Tadmor
Reduced Order Galerkin Models of Flow 
around NACA-0012 Airfoil
MMA Journal 13(1), pages 113-122, 2008

�� �� �� �� �� ��
�� �� �� ��shiftshift
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Continuous Mode Interpolation

Interpolation between 
POD modes
�N��= 0.50

Interpolation between 
stability eigenmodes
�N��= 0.50

Re = 50  ( �N��= 0.00 )

Re = 100  ( �N��= 1.00)

Re = 75, computed

Re = 75, interpolated

Re = 50  ( �N��= 0.00 )

Re = 100  ( �N��= 1.00)

Re = 75, computed

Re = 75, interpolated

The change of Reynolds number
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Continuous Mode Interpolation

�N��= 0.00 
�D= 30

�N��= 0.25 

�N��= 0.50

�N��= 1.00 
�D= 45

�N��= 0.75

The change of angle of attack 
(moving boundary)

�N��= 0.00 �I�R�U�����W�”������

�N��= 0.1t - 50 �I�R�U�����W�”������

�N��= 1.00 �I�R�U�����W�•������
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ROM of the flow with changing BC

Total Kinetic Energy 
of the disturbance around 
time averaged flow in function 
of time

Interpolation parameter �Nin 
function of time

W. Stankiewicz , M. �0�R�U�]�\���V�N�L, R. Roszak , 
B.R. Noack , G. Tadmor
Reduced Order Modelling of a Flow around an 
Airfoil with a Changing Angle of Attack,
Archives of Mechanics 60 (6) , pp. 509 -526 
2008. 
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ROM of the flow with changing BC

�D� �������Û �D� �������Û

Period size

DNS: 6.85s 8.22s

GM : 6.90s 8.26s

TKE

DNS: 2.66 4.69

GM: 2.73 4.52

Fourier coefficients for first and third POD 
mode in function of time (model GM- 1)
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Callibration of the Galerkin model

�‡ Correlation between TKE and 
shift-mode coefficient a shift

�‡ Mean flow and shift-mode are 
continuously interpolated 

�‡ ashift is expected to be close to 
zero when limit-cycle oscillat.
are reached

�‡ Calibration of a shift can be used 
to supress the oscillations of 
�,�Q�W�H�U�S�R�O�D�W�H�G���5�2�0�¶�VTKE

TKE of the disturbance for 
calibrated GM
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�ƒROMs basedon Galerkin Projection allow accurate approximationof fluid flow
�ƒThe choice of mode basis is crucial for model quality
�ƒPOD modes have narrow dynamical range�± they are over-optimised for one

flow condition (large number of POD modesis required to model transients)
�ƒEigenmodes of stability analysis (linearization around steady state) are not

enough to construct accurate ROMof wake/separated flow;
�ƒInterpolated modes: least-dimensional Galerkin approximation (4 DOF;

one additional equation to specify the value of interpolation parameter �N) -
important for control design

�ƒThe testcases include circular cylinder with changing Reynolds number and
NACA-0012 airfoil (transition from steady state to LCO and the changeof �D)

�ƒReduced Order Models are basedon Galerkin Projection of 2 mode sets,
computed for two terminal flow states

�ƒFor the last case, calibration of shift-mode is used to achieve good agreement
with DNS during the transition between terminal angles of attack

�ƒAnother possibility of quality improvement: addition of dissipative term
(to mimick energy sink caused by neglection of small-scale modes)

Summary


